Symmetric designs and projective special unitary groups of dimension at
  most five by Daneshkhah, Ashraf
ar
X
iv
:1
91
2.
01
06
5v
1 
 [m
ath
.G
R]
  2
 D
ec
 20
19
SYMMETRIC DESIGNS AND PROJECTIVE SPECIAL UNITARY
GROUPS OF DIMENSION AT MOST FIVE
ASHARF DANESHKHAH
Abstract. In this article, we study symmetric (v, k, λ) designs admitting a flag-
transitive and point-primitive automorphism group G whose socle is a projective
special unitary group of dimension at most five. We, in particular, determine all
such possible parameters (v, k, λ) and show that there exist eight non-isomorphic
of such designs for which λ ∈ {3, 6, 12, 16, 18} and G is PSU3(3), PSU3(3) : 2,
PSU4(2) or PSU4(2) : 2.
1. Introduction
A symmetric (v, k, λ) design is an incidence structure D = (P,B) consisting of a
set P of v points and a set B of v blocks such that every point is incident with exactly
k blocks, and every pair of blocks is incident with exactly λ points. A nontrivial
symmetric design is one in which 2 < k < v − 1. A flag of D is an incident pair
(α,B) where α and B are a point and a block of D, respectively. An automorphism
of a symmetric design D is a permutation of the points permuting the blocks and
preserving the incidence relation. An automorphism group G of D is called flag-
transitive if it is transitive on the set of flags of D. If G is primitive on the point set
P, then G is said to be point-primitive. We here adopt the standard notation for
finite simple groups of Lie type, for example, we use PSLn(q), PSpn(q), PSUn(q),
PΩ2n+1(q) and PΩ
±
2n(q) to denote the finite classical simple groups. Symmetric and
alternating groups on n letters are denoted by Sn and An, respectively. We denote
by n the cyclic group of order n, and we write En for an elementary abelian group
of order n. A group G is said to be almost simple with socle X if X EG 6 Aut(X),
where X is a nonabelian simple group. Further notation and definitions in both
design theory and group theory are standard and can be found, for example in
[5, 9, 12, 14].
The main aim of this paper is to study flag-transitive symmetric designs. In [19],
Praeger and Zhou study point-imprimitive symmetric (v, k, λ) designs and give a
classification of such designs in terms of their parameters. In the case where, a
symmetric design admits a flag-transitive and point-primitive automorphism group,
for small λ (i.e. λ 6 100), the only type of primitive groups might occur is almost
simple or affine [16, 21]. Although, it is still unknown for larger λ such an automor-
phism group is of these two types, it is somehow interesting to study such designs
whose automorphism group G is an almost simple group with socle X . This paper is
part of contribution in classification of symmetric designs admitting flag-transitive
and point-primitive finite almost simple automorphism groups of Lie type of small
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Table 1. Parameters in Theorem 1.1
Line v k λ X H G Designs References∗
1 36 21 12 PSU3(3) PSL2(7) PSU3(3) Menon [6]
2 36 21 12 PSU3(3) PSL2(7) : 2 PSU3(3) : 2 Menon [6]
3 36 15 6 PSU4(2) S6 PSU4(2) Menon [4]
4 36 15 6 PSU4(2) S6 : 2 PSU4(2) : 2 Menon [4]
5 40 27 18 PSU4(2) 3
1+2
+ : 2A4 PSU4(2) Complement of PG3(3) [4]
6 40 27 18 PSU4(2) 3
1+2
+ : 2A4 : 2 PSU4(2) : 2 Complement of PG3(3) [4]
7 40 27 18 PSU4(2) 3
3 : S4 PSU4(2) Complement of Higman
design
[4]
8 40 27 18 PSU4(2) 3
3 : S4 : 2 PSU4(2) : 2 Complement of Higman
design
[4]
9 45 12 3 PSU4(2) 2
.(A4 × A4).2 PSU4(2) - [4, 18]
10 45 12 3 PSU4(2) 2
.(A4 × A4).2 : 2 PSU4(2) : 2 - [4, 18]
11 63 32 16 PSU3(3) 4.S4 PSU3(3) - [6]
12 63 32 16 PSU3(3) 2
1+4
+ .S3 PSU3(3) : 2 - [6]
13 63 32 16 PSU3(3) 4
2 : S3 PSU3(3) - [6]
14 63 32 16 PSU3(3) 4
2 : D12 PSU3(3) : 2 - [6]
∗ The last column addresses to references in which a design with the parameters in the line
has been constructed.
dimension, see [1, 2, 3, 4, 10]. In this paper, we continue this project to obtain
symmetric designs admitting an automorphism group whose socle is a projective
special unitary group of dimension at most five.
Theorem 1.1. Let D be a nontrivial symmetric (v, k, λ) design and let α be a point
of D. If G is a flag-transitive and point-primitive automorphism group of D of
almost simple type with socle X is a projective special unitary groups of dimension
at most five over a finite field of size q, then λ ∈ {3, 6, 12, 16, 18} and v, k, λ, X,
Gα ∩X and G are as in one of the lines in Table 1.
In Section 2, we give detailed information about the designs obtained in Theo-
rem 1.1 in particular those appear in Table 1. We also use the software GAP [13]
for computational arguments.
2. Examples and comments
In this section, we provide some examples of symmetric designs admitting flag-
transitive and point-primitive automorphism groups. We, in particular, make some
comments on Theorem 1.1 and the designs mentioned in Table 1. In what follows,
suppose that V is a vector space of dimension n over a finite field Fq of size q.
A well-known example of flag-transitive symmetric designs is a projective space
PG(n − 1, q) which is an incidence structure whose points are 1-dimensional sub-
spaces of V and the lines are (n−1)-dimensional of V , and the incidence is given by
inclusion. The full automorphism group of this design is the projective semilinear
group PΓL(n, q) with socle PSL(n, q). The unique symmetric (7, 3, 1) design known
also as Fano Plane is in indeed PG(2, 2) admitting flag-transitive and point-primitive
automorphism group PSL(3, 2) ∼= PSL(2, 7). The symmetric (7, 4, 2) design is the
complement of Fano plane which is also flag-transitive and point-primitive , see [16,
Section 1.2.1]. These examples appear in Theorem 1.1(a)-(b) and line 1 of Table 1.
The design in lines 2 of Table 1 is the unique symmetric (11, 5, 2) design as a
Paley difference set which is in fact a Hadamard design, and its full automorphism
3group is PSL(2, 11) acting flag-transitively and point-primitively. In this case, the
point-stabiliser is isomorphic to A5, see [16, Section 1.2.1]. The complement of this
design, which is the one in line 3 of Table 1, is the unique symmetric (11, 6, 3) design
whose full automorphism group PSL(2, 11) is also flag-transitive and point-primitive
with A5 as its point-stabiliser, see also [22, Theorem 1.2].
The unique symmetric (15, 8, 4) design D in line 4 of Table 1 can be constructed
by points and complements of hyperplanes of PG(3, 2). The full automorphism
group of D is PSL(4, 2) ∼= A8 which admits a proper subgroup PSL(2, 9) ∼= A6 as
an automorphism group of D. Note that PSL(2, 9) acts flag-transitively on D with
point-stabiliser S4, but not on its complement D
∗. In fact, it has two orbits on the
set of flags of D∗ of size 15 and 15 · 6, respectively, namely, the stabiliser of a point
α has two orbits of size 1 and 6 respectively on the seven planes containing α, see
[22, Theorem 1.2].
The symmetric designs with parameters (35, 18, 9) in lines 5-6 in Table 1 are the
complement of the symmetric (35, 17, 8) designs which are Hadamard designs with
parameters (4n−1, 2n−1, n−1) for n = 9. These designs arise from studying rank
three permutation groups, see [6, 9, 11].
The designs in lines 7-11 in Table 1 also arise from studying rank three permuta-
tion groups. The complement of the symmetric (56, 11, 2) design is the design with
parameters (56, 45, 18) admitting a rank three automorphism group PSL(3, 4) as its
socle, see [6] and [11, Theorem].
3. Preliminaries
In this section, we state some useful facts in both design theory and group theory.
Recall that a group G is called almost simple if X E G 6 Aut(X), where X is a
nonabelian simple group. If H is a maximal subgroup not containing the socle X
of an almost simple group G, then G = HX , and since we may identify X with
Inn(X), the group of inner automorphisms of X , we also conclude that |H| divides
|Out(X)| · |X ∩H|. This implies the following elementary and useful fact:
Lemma 3.1. [2, Lemma 2.2] Let G be an almost simple group with socle X, and let
H be maximal in G not containing X. Then G = HX and |H| divides |Out(X)|·|X∩
H|.
Lemma 3.2. Suppose that D is a symmetric (v, k, λ) design admitting a flag-
transitive and point-primitive almost simple automorphism group G with socle X
of Lie type in odd characteristic p. Suppose also that the point-stabiliser Gα, not
containing X, is not a parabolic subgroup of G. Then gcd(p, v − 1) = 1.
Proof. Note that Gα is maximal in G, then by Tits’ Lemma [20, 1.6], p divides
|G : Gα| = v, and so gcd(p, v − 1) = 1. 
Lemma 3.3. [15, 3.9] If X is a group of Lie type in characteristic p, acting on the
set of cosets of a maximal parabolic subgroup, and X is not PSLn(q), PΩ
+
2m(q) (with
m odd) and E6(q), then there is a unique subdegree which is a power of p.
Lemma 3.4. Let G be an almost simple group with socle X = PSU5(q), and let H
be a maximal subgroup of G with H ∩X being as in the second column of Table 2.
Then the action of G on the cosets of H has subdegrees dividing the numbers d
listed in the last column of Table 2.
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Table 2. Some subdegrees of almost simple groups with socle PSU5(q).
Line H ∩X d
1 ˆGU4(q) (q + 1)(q
4 − 1)
2 ˆ(SU3(q)× SU2(q)) : (q+1) (q
2 − 1)(q3 + 1)
Proof. Suppose first that H ∩X is isomorphic to ˆGU4(q). In this case, H stabilises
a pair of non-degenerate subspaces which are mutually orthogonal and span the
underlying space V . Thus H = NG(W ) where W is a 1-dimensional non-degenerate
subspace. Taking α = 〈u1〉 and β = 〈u2, u2〉, we see that |Gα, Gαβ| divides (q+1)(q
4−
1). Suppose now that H ∩ X is isomorphic to ˆ(SU3(q) × SU2(q)) : (q + 1). Again
here H stabilises a pair of non-degenerate subspaces, and so H = NG(W ) where
W is a 2-dimensional non-degenerate subspace. Set α = 〈u1, u2〉 and β = 〈u1, u3〉.
Then |Gα, Gαβ | divides (q
2 − 1)(q3 + 1). 
Lemma 3.5. Suppose that D is a a symmetric (v, k, λ) design. Let G be a flag-
transitive automorphism group of D with simple socle X of Lie type in characteristic
p. If the point-stabiliser H = Gα contains a normal quasi-simple subgroup N of Lie
type in characteristic p and p does not divide |Z(K)|, then k is divisible by |N :M |,
for some maximal subgroup M of H.
Proof. If B is a block incident with a point α of D, then k = |H :HB|, and so |N :NB|
divides k. Now, let M be a maximal subgroup of N such that NB 6 M . Then
|N :M | must divide k, so k is divisible by |N :M |. 
Lemma 3.6. [1, Lemma 2.1] Let D be a symmetric (v, k, λ) design, and let G be a
flag-transitive automorphism group of D. If α is a point in P and H := Gα, then
(a) k(k − 1) = λ(v − 1);
(b) 4λ(v − 1) + 1 is square;
(c) k | |H| and λv < k2;
(d) k | gcd(λ(v − 1), |H|);
(e) k | λd, for all subdegrees d of G.
If a group G acts primitively on a set P and α ∈ P (with |P| > 2), then the point-
stabiliser Gα is maximal in G [12, Corollary 1.5A ]. Therefore, in our study, we need
a list of all maximal subgroups of almost simple group G with socle X := PSU5(q).
Note that if H is a maximal subgroup of G, then H0 := H ∩ X is not necessarily
maximal in X in which case H is called a novelty. By [7, Tables 8.20 and 8.21], the
complete list of maximal subgroups of an almost simple group G with socle PSU5(q)
are known, and in this case, there arise only three novelties.
Lemma 3.7. Let G be an almost simple group with socle X = PSU5(q), and let H
be a maximal subgroup of G not containing X. Then H0 := H ∩X is isomorphic to
one of the subgroups listed in Table 3.
Proof. The maximal subgroups H of G can be read off from [7, Tables 8.20 and
8.21]. 
4. Proof of the main result
In this section, we prove Theorem 1.1 in a series of lemmas. We first recall from
Subsection ?? that the assertion for the case where X = PSUn(q) with n = 3, 4
5Table 3. Maxiamal subgroups H of almost simple groups with socle
X = PSU5(q).
Line H ∩X Comments
1 ˆ[q]1+6 : SU3(q) : (q
2 − 1)
2 ˆ[q]4+4 : GL2(q
2)
3 ˆGU4(q)
4 ˆ(SU3(q)× SU2(q)) : (q + 1)
5 ˆ(q + 1)4 : S5
6 ˆq
5+1
q+1
: 5 q > 3
7 ˆSU5(q0) · gcd(
q+1
q0+1
, 5) q = qr0, r odd prime
8 SO5(q) q odd
9 ˆ51+2+ : Sp2(5) q = p ≡ 4 (mod 5) or q = p
2 and p ≡ 2, 3 (mod 5)
10 PSL2(11) q = p ≡ 2, 6, 7, 8, 10 (mod 11)
11 PSU4(2) q = p ≡ 5 (mod 6)
can be deduced from [10, 4]. By revisiting [10, Lemmas ??], we obtain the missing
designs on lines 1-2 and 11-14 of Table 1 with the same parameters.
In what follows, we suppose that D is a nontrivial symmetric (v, k, λ) design and
G is an almost simple automorphism group with simple socle X = PSU5(q), where
q = pa (p prime), that is to say, X ⊳ G 6 Aut(X). Suppose also that V = F5q is
the underlying vector space of X over the finite field Fq of size q. If G is a point-
primitive automorphism group of D, then the point-stabiliser H = Gα is maximal in
G [12, Corollary 1.5A]. Let H0 = H ∩X . Then by Lemma 3.7, the subgroup H0 is
isomorphic to one of the subgroups recorded in Table 3, and so Lemma 3.1 implies
that
v =
|X|
|H0|
=
q10(q5 + 1)(q4 − 1)(q3 + 1)(q2 − 1)
gcd(5, q + 1)·|H0|
. (4.1)
Note that |Out(X)| = 2a · gcd(5, q + 1). Therefore, by Lemmas 3.1(b) and 3.6(c),
k | 2a · gcd(5, q + 1)·|H0|. (4.2)
We now run through all possible subgroups H0 recorded in Table 3, and obtain
the only possible cases mentioned in Theorem 1.1.
Lemma 4.1. The subgroup H0 cannot be isomorphic to
ˆE1+6q : SU3(q) : (q
2 − 1).
Proof. By (4.1), we have that v = q7 + q5 + q2 + 1. It follows from Lemmas 3.6(e)
and 3.4 that k divides λq2. Let now m be a positive integer such that mk = λq2.
Since λ < k, we have that m < q2. By Lemma 3.6(a), k(k − 1) = λ(v − 1), and so
λq2(k − 1) = mλ(q7 + q5 + q2). Thus,
k = m(q5 + q3 + 1) + 1 and λ = m2(q3 + q) +
m2 +m
q2
. (4.3)
Since λ is integer, (4.3) implies that q2 | m2 +m. Recall that m < q2. Therefore,
q2 must divide m + 1, and so m = q2 − 1. It follows from (4.3) that k = (q2 −
1)(q5 + q3 + 1) + 1 = q2(q5 − q + 1). By (4.2), k divides 2aq10(q3 + 1)(q2 − 1)2.
Therefore q5 − q + 1 must divide 2a(q3 + 1). Thus q5 − q + 1 6 2a(q3 + 1), which is
impossible. 
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Lemma 4.2. The subgroup H0 cannot be isomorphic to
ˆ[q]4+4 : GL2(q
2).
Proof. According to (4.1), we have that v = q8 + q5 + q3 + 1. By Lemmas 3.6(e)
and 3.4, k divides λq3. If m is a positive integer such that mk = λq3, then since
λ < k, we have that m < q3. By Lemma 3.6(a), k(k − 1) = λ(v − 1), and so
λq(k − 1) = mλ(q5 + q2 + 1). Thus,
k = m(q5 + q2 + 1) + 1 and λ = m2q2 +
m2(q2 + 1) +m
q3
. (4.4)
Since λ is integer, (4.4) implies that q3 divides m2(q2 +1)+m. Recall that m < q3.
Therefore, q3 must divide m(q2 + 1) + 1. Let n be a positive integer such that
m(q2 +1)+ 1 = nq3. Note that m < q3. Thus nq3 = m(q2 +1)+ 1 < q3(q2 +1)+ 1,
and so n 6 q2 + 1. Also, we have that
m =
nq3 − 1
q2 + 1
= nq −
nq + 1
q2 + 1
.
Since m is integer, q2 + 1 must divide nq + 1. Let s be a positive integer that
nq+1 = s(q2+1). Note that n 6 q2+1. Therefore s(q2+1) = nq+1 6 q(q2+1)+1,
and so s 6 q. As nq + 1 = s(q2 + 1), q must divide s − 1, where s 6 q, which is
impossible. 
Lemma 4.3. The subgroup H0 cannot be isomorphic to
ˆGU4(q) .
Proof. We note by (4.1) that v = q4(q4−q3+q2−q+1). By Lemmas 3.4 and 3.6(e),
k divides λ(v−1) = λ(q5+q+1)(q2+1)(q−1). Therefore, k divides λ(q2+1)(q−1).
Let m be a positive integer that mk = λf(q), where f(q) = (q2 + 1)(q − 1). Then
by Lemma 3.6(a), we have that
k = 1 +m(q5 + q + 1) and λ = m2(q2 + q) +
m2(2q + 1) +m
(q2 + 1)(q − 1)
. (4.5)
where m < (q2 + 1)(q − 1). By Lemma 3.5 applied to PSU4(q) we see that k is
divisible by the index of a maximal subgroup of PSU4(q). It follows from [4], we see
that k are divisible by q3 + 1 or q3. If q3 would divide k, then by (4.7), q3 should
divide m(q + 1) + 1. Let n1 be a positive integer such that m(q + 1) + 1 = n1q
3.
Then
m =
n1q
3 − 1
q + 1
= n1(q
2 − q + 1)−
n1 + 1
q + 1
.
Since m be a positive integer, q + 1 would divide n1 + 1, and so n1 > q − 1. Recall
that m < (q2+1)(q−1). Then n1q
3 = m(q+1)+1 < (q2+1)(q−1)(q+1)+1, and
so n1 < q, which is a contradiction. If q
3 + 1 divides k, then by (4.7), q3 + 1 must
divide m(q2 − q − 1) + 1. If q = 2, then 9 must divide m+ 1, where m < 5, which
is impossible. Let now n2 be a positive integer such that m(q+ 1)+ 1 = n2(q
3 +1).
As m < (q2 + 1)(q − 1), n2 < q, and we have that
m =
n2(q
3 + 1)− 1
q2 − q − 1
= n2(q + 1) +
2n2(q + 1)− 1
q2 − q − 1
. (4.6)
Since m is a integer number, q2 − q − 1 must divide 2n2(q + 1) − 1. Let u be
a positive integer number such that 2n2(q + 1) − 1 = u(q
2 − q − 1). Recall that
n2 < q. Then u(q
2 − q − 1) = 2n2(q + 1) − 1 < 2q
2 + 2q − 1, and so u 6 3.
If u = 1, then 2n2(q + 1) − 1 = q
2 − q − 1, and so q + 1 must divide q2 − q,
7Table 4. Possible value for k and v when q ∈ {2, 3}.
q 2 3
v 1408 19440
k divides 8404641 61440
which is impossible. If u = 2, then 2n2(q + 1) − 1 = 2(q
2 − q − 1), and so q + 1
must divide 2q2 − 2q − 1 = 2(q + 1)(q − 2) + 3, which is impossible. If u = 3, then
2n2(q+1)−1 = 3(q
2−q−1), and so q+1 must divide 3q2−3q−2 = 3(q+1)(q−2)+4.
Thus q + 1 divides 4, and so q = 3. In which case n2 = 2, and by (4.6), m = 55/4,
which is impossible. 
Lemma 4.4. The subgroup H0 cannot be isomorphic to
ˆ(SU3(q)×SU2(q)) : (q+1).
Proof. In this case, v = q6(q4 − q3 + q2 − q + 1)(q2 + 1) by (4.1). It fllows from
Lemmas 3.4 and 3.6(e), k must divide λ(q2 − 1)(q3 + 1). On the other hand, k
divides λ(v − 1) = λ(q2 − q + 1)(q10 + q8 − q7 + q4 + q3 − q − 1). Therefore, k
divides λ(q2 − q + 1) gcd(q10 + q8 − q7 + q4 + q3 − q − 1, (q − 1)(q + 1)2). Note that
gcd(q10 + q8 − q7 + q4 + q3 − q − 1, (q − 1)(q + 1)2) divides 9. Let m be a positive
integer that mk = 9λf(q), where f(q) = q2−q+1. Then by Lemma 3.6(a), we have
that
k = 1 +
m(q10 + q8 − q7 + q4 + q3 − q − 1)
9
, (4.7)
where m < 9(q2 − q + 1). Note by (4.2) that k divides 2ag(q), where g(q) =
q4(q3 + 1)(q2 − 1)2(q + 1). Then, by (4.7), we must have
m(q10 + q8 − q7 + q4 + q3 − q − 1) + 9 | 18ag(q). (4.8)
Let now d(q) = q9−6q8+4q7+3q6+q5−3q4−4q3−2q2+2q+3 and h(q) = q2+q−3.
Then 18amh(q)[m(q10+q8−q7+q4+q3−q−1)+9]−18amg(q) = 18am[d(q)+9h(q)],
and so (4.8) implies that m(q10 + q8− q7 + q4 + q3 − q− 1) + 9 divides 18am[d(q) +
9h(q)]. Thus m(q10 + q8 − q7 + q4 + q3 − q − 1) + 9 6 18am|d(q) + 9h(q)|, and so
q10+q8−q7+q4+q3−q−1 < 18a|q9−6q8+4q7+3q6+q5−3q4−4q3+16q2+20q−45|.
This inequality holds only for q ∈ {2, 3, 4, 8, 9, 16, 25, 27, 32, 64}. For these values of
q, there is no posible parameters k satisfying (4.8), which is a contradiction. 
Lemma 4.5. The subgroup H0 cannot be isomorphic to
ˆ(q + 1)4 : S5.
Proof. By (4.1), we have v = q10(q5 + 1)(q4 − 1)(q3 + 1)(q2 − 1)/120 · (q + 1)4, and
since |Out(X)| = 2a · gcd(q+ 1, 5), it follows from (4.2) that k divides 240a(q+1)4.
By [17, 22] and Lemma 3.6(c), we may assume that λ is at least 4, and so
q10(q5 + 1)(q4 − 1)(q3 + 1)(q2 − 1)
120 · (q + 1)4
6 λv < k2 6 57600a2(q + 1)8.
This implies that q10(q5+1)(q4−1)(q3+1)(q2−1) < 57600a2(q+1)12. This inequality
is true only when q ∈ {2, 3}. Since k is a divisor of 240a(q+1)4, for each such q = pa,
the possible values of k and v are listed in Table 4. This is a contradiction as for
each k and v as in Table 4, the fraction k(k − 1)/(v − 1) is not integer. 
Lemma 4.6. The subgroup H0 cannot be isomorphic to
ˆq
5+1
q+1
: 5.
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Proof. In this case (4.1) implies that v = q10(q4−1)(q3+1)(q2−1)(q+1)/5, and since
|Out(X)| = 2a·gcd(q+1, 5), it follows from (4.2) that k divides 2a(q4−q3+q2−q+1).
By Lemma 3.6(c), we have that
q10(q4 − 1)(q3 + 1)(q2 − 1)(q + 1) 6 5λv < 5k2 6 20a2 · (q4 − q3 + q2 − q + 1)2,
which is impossible. 
Lemma 4.7. The subgroup H0 cannot be isomorphic to
ˆSU5(q0)·gcd(
q+1
q0+1
, 5), where
q = qr0 and r is a odd prime number.
Proof. By (4.1), we have that
v =
1
b
·
q10r0 (q
5r
0 + 1)(q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1)
q100 (q
5
0 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1)
,
where b = gcd( q+1
q0+1
, 5). Note by (4.2) that k divides 10aq100 (q
5
0 + 1)(q
4
0 − 1)(q
3
0 +
1)(q20−1). We may assume that λ > 4 by [17, 22]. Moreover, b ∈ {1, 5}, and a
2 6 qr0
as q = qr0. Since λv < k
2 by Lemma 3.6(b), we must have
q10r0 (q
5r
0 + 1)(q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1) < 100q
30+r
0 (q
5
0 + 1)
3(q40 − 1)
3(q30 + 1)
3(q20 − 1)
3.
Note that q24r−10 6 q
10r
0 (q
5r
0 + 1)(q
4r
0 − 1)(q
3r
0 + 1)(q
2r
0 − 1) and q
30+r
0 (q
5
0 + 1)
3(q40 −
1)3(q30 + 1)
3(q20 − 1)
3 6 q72+r0 . Then q
23r−1
0 < 100q
72
0 , and this implies that r = 3. In
which case (4.1) implies that
v =
q200 (q
15
0 + 1)(q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q50 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1) · gcd(q
2
0 − q0 + 1, 5)
. (4.9)
By (4.2), k divides 2abq100 (q
5
0 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1), where b = gcd(q
2
0 − q0 +
1, 5). Then by Lemma 3.6(c), we have that λq200 (q
15
0 + 1)(q
12
0 − 1)(q
9
0 + 1)(q
6
0 −
1) < 4a2b3q300 (q
5
0 + 1)
3(q40 − 1)
3(q30 + 1)
3(q20 − 1)
3. Therefore, λ < 4a2b3. Since k
divides 2abq100 (q
5
0 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1) and v − 1 is coprime to q0, k must
divide 2λab(q50 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1). We use again Lemma 3.6(c), and so
λv < k2 6 4λ2a2b2(q50 + 1)
2(q40 − 1)
2(q30 + 1)
2(q20 − 1)
2. Thus (4.9) implies that
q470 <
q200 (q
15
0 + 1)(q
12
0 − 1)(q
9
0 + 1)(q
6
0 − 1)
(q50 + 1)(q
4
0 − 1)(q
3
0 + 1)(q
2
0 − 1)
< 4λa2b3. (4.10)
Since λ < 4a2b3, it follows form (4.10) that q470 < 16a
4b6, where b = gcd(q20−q0+1, 5),
which is impossible. 
Lemma 4.8. The subgroup H0 cannot be isomorphic to
ˆSO5(q) with q odd.
Proof. In this case, by (4.1), we have that v = q6(q5 + 1)(q3 + 1). It follows from
(4.2) that k divides 2ag(q), where g(q) = q4(q4−1)(q2−1). Moreover, Lemma 3.6(a)
implies that k divides λ(v − 1). Let f(q) = 3 · (q − 1)2. Then gcd(v − 1, 2 · q4(q4 −
1)(q2−1)) divides f(q), and so k is a divisor of λaf(q). Suppose that m is a positive
integer such that mk = λaf(q). Since now k(k − 1) = λ(v − 1), it follows that
k = 1 + m(v − 1)/af(q), and since k | 2ag(q), we must have m(v − 1) + af(q) |
2a2f(q)g(q). Therefore, q6(q5 + 1)(q3 + 1) < 2a2f(q)g(q) for q odd, and this does
not give rise to any possible parameters. 
Lemma 4.9. The subgroup H0 cannot be isomorphic to the subgroups as in the lines
9-11 of Table 3.
9Table 5. The pairs (X,H ∩X) in Lemma 4.9
X H ∩X v k divides
PSU5(2) PSL2(11) 20736 1320
PSU5(4)
ˆ51+2+ : Sp2(5) 3562930176 60000
PSU5(9)
ˆ51+2+ : Sp2(5) 1051720694280527616 60000
Proof. Let H0 be isomorphic to one of the subgroups in the lines 9-11 of Table 3.
Since |X| 6 |Out(X)|2 · |H ∩ X|3, we only need to consider the pairs (X,H ∩ X)
in Table 5. For each such H ∩ X , by (4.1), we obtain v as in the third column of
Table 5. Recall that k is a divisor of 2a · gcd(5, q + 1) · |H ∩ X| which is recorded
in the fourth column of Table 5. This is a contradiction as for each k and v as in
Table 5, the fraction k(k − 1)/(v − 1) is not integer. 
Proof of Theorem 1.1. The proof of the main result follows immediately from
Lemmas 4.1–4.9. 
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